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SYNOPSIS 

A method for calculating the optimal monomer addition policy to produce emulsion co- 
polymers with a given composition profile is presented. The approach allows the calculation 
of the time evolution of the monomer feed rates that ensure the formation of the desired 
copolymer composition profile in a minimum process time. The method was applied by 
simulation to obtain widely different copolymer composition profiles during the emulsion 
copolymerization of butyl acrylate and styrene. The results were compared with those 
obtained by means of the power feed method. In these calculations, it was assumed that 
both the kinetic model and the values of the kinetic parameters are available. The 
implementation of this approach to real emulsion copolymerization systems in which only 
a limited kinetic information is available is presented in the second article of this series. 
0 1995 .John Wiley & Sons, Inc. 

INTRODUCTION 

Specialty products such as paints, adhesives, and 
binders require strict specifications of the corre- 
sponding latexes. In particular, the composition of 
the emulsion copolymers exerts a powerful effect on 
the properties of the particles and resultant films. 
Consequently, one way to obtain specific products 
is the control of the composition of the copolymers. 
In some applications, a homogeneous copolymer is 
needed, whereas in others, a gradient of copolymer 
composition is more useful. 

Traditionally, the control of the composition of 
the copolymers has been achieved through semicon- 
tinuous emulsion polymerization carried out under 
starved In this process, a stream with 
a mixture of monomers of the same composition as 
that desired for the copolymer is fed into the reactor 
at a very low flow rate. In this way, the rate of po- 
lymerization is practically equal to the monomer feed 
rate and this results in a copolymer of the same 
composition as that of the feed. An additional ad- 
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vantage of the starved process is that the heat-gen- 
eration rate is easily controlled. Following this pro- 
cess, if a nonuniform copolymer is desired, a con- 
tinuous change of the composition of the monomer 
mixture feed is required. Several arrangements for 
gradually changing the monomer mixture compo- 
sition of the feed stream entering the reactor have 
been r e p ~ r t e d . ~  This method, the so-called power 
feed method, is based on the use of two or more 
monomer storage tanks before the reaction vessel, 
each one working at  a constant feed rate. The tanks 
are disposed in series in such a way that the com- 
position of the mixture of monomers changes con- 
tinuously in all tanks between the reactor and the 
first tank. The nature of the variation in composition 
is controlled by suitable choices of simple variables 
such as the initial monomer weight and initial 
monomer composition in the tanks. In this way, a 
two-tank arrangement permits composition profiles 
which vary smoothly in one direction, whereas a 
three-tank arrangement leads to inflections and 
composition reversals. Variable feed rates of both 
monomers can also be employed to generate similar 
profiles. 

Although low monomer concentrations in the 
polymer particles can give relatively high polymer- 
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ization rates due to the gel effect, under starved con- 
ditions, the concentration of the monomers in the 
polymer particles is very low and, consequently, the 
slow polymerization rates can lead to  long process 
times. To  overcome this problem, a different mono- 
mer addition strategy for producing homogeneous 
copolymers has been p r o p ~ s e d . ~ , ~  In this so-called 
semistarved process, the reactor was initially 
charged with all of the less reactive monomer plus 
the amount of the more reactive monomer needed 
to  initially form a copolymer of the desired com- 
position. Then, the remaining more reactive mono- 
mer was added at a time-dependent flow rate that 
ensured the formation of a homogeneous copolymer. 
Using this strategy, a homogeneous copolymer was 
formed in a minimum process time. However, no 
minimum-time approach for obtaining emulsion co- 
polymers of nonuniform composition has been re- 
ported. 

This problem is addressed in this series of articles. 
In the first, a method for calculating the optimal 
monomer addition policy to produce a well-defined 
copolymer composition profile is presented. The op- 
timal monomer addition policies to  obtain widely 
different copolymer composition profiles during the 
emulsion polymerization of butyl acrylate and sty- 
rene were calculated by simulation and the results 
compared with those obtained by means of the power 
feed method. In the second, the optimal monomer 
addition policies were implemented experimentally 
in an open-loop control scheme for the emulsion 
copolymerization of butyl acrylate and styrene. 

OPTIMIZATION APPROACH 

Let us assume that a latex with a given solids con- 
tent, S, ( g/cm3 of water), and instantaneous co- 
polymer composition profile, Y A  ( XT ) , was desired. 
The average copolymer composition a t  the end of 
the process is given by 

where X T  is the overall conversion, defined as  the 
ratio of the monomer incorporated to  the copolymer 
a t  any time and the total monomer. 

The total amount of each monomer per unit vol- 
ume of water is easily determined by the following 
equations: 

(3) 

where AT and BT are the total amounts (mol/cm3 of 
water) of monomers A and B ,  respectively, and 
M ,  the molecular weight of monomer i. 

In addition, a copolymerization system with the 
following characteristics is assumed 

(i) Seeded copolymerization of monodisperse 
spherical particles with average composition 

(ii) Constant number of polymer particles during 
Y A ( 0 ) -  

the processes. 
(iii) Negligible aqueous phase polymerization. 
(iv) Monomers distributed between phases accord- 

ing to thermodynamic equilibrium. 

The goal is to  determine the addition rate of 
monomers A and B that ensures a copolymer com- 
position profile Y A ( X T )  in a minimum end-time. 
This optimization problem reduces to the minimi- 
zation of the following objective function: 

F = s ,  ' 1  K d X T  
(4) 

where R, is the overall polymerization reaction rate, 
and X T ,  the overall conversion. 

In addition, the optimization must be subjected 
to the following equality and inequality constraints 
a t  any conversion value: 

(i) T h e  copolymer produced must have the desired 
composition: 

where Rpi is the polymerization rate of monomer i 
per unit volume of water given by 

where $, are the propagation rate constants; [i],, 
the concentration of the monomer i in the polymer 
particles; n, the average number of radicals per par- 
ticle; N ,  the number of particles per cm3 of water; 
NA,  the Avogadro's number; and Pp, the time-av- 
erage probabilities of finding a free radical with ul- 
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timate unit of type i in the polymer particles. These 
probabilities are given by' 

The ratio [A],/[B], that ensures a copolymer 
composition profile YA(XT) can be obtained com- 
bining eqs. (5)-(8) as follows: 

where rA and rB are the reactivity ratios of monomers 
A and B, respectively. For each overall conversion 
X T ,  eq. (9) gives the ratio of the concentrations of 
the monomers in the latex particles. 

(ii) T h e  concentrations of monomers into the latex 
particles should be equal or less than the concen- 
tration of saturation, namely, the presence of 
monomer droplets was not allowed. 

The excess of monomer which is in the monomer 
droplets does not contribute to increase the poly- 
merization rate but causes a significant loss of con- 
trol capacity. The maximum concentrations of the 
monomers in the latex particles are those corre- 
sponding to  the saturation and can be calculated 
from the monomer equilibrium equations and the 
overall material balances when the first droplet is 
formed. 

When partition coefficients are used, the equilib- 
rium equations are as  follows: 

where kj,k is the partition coefficient of monomer i 
between phases j and k,  and 4: and &, the volume 
fractions of monomer i in phases j and k ,  respec- 
tively. 

Neglecting the volume fraction of water in the 
monomer droplets, the following equation can be 
written when the first monomer droplet is formed: 

Under equilibrium conditions, eq. (10) allows one 
to  express I#$ in terms of the concentration of 
monomer i in the polymer particles as  follows: 

where v i  is the molar volume of monomer i. Taking 
into account that the formation of monomer droplets 
was not allowed, combination of eqs. (11) and (12) 
led to the following constraint: 

In addition, constrains (9) and (13) can be com- 
bined as follows: 

(iii) T h e  monomer already charged into the reactor 
cannot be removed. 

The following two constraints can be written for 
monomers A and B: 

d[total monomer A in the reactor] 
d[conversion] 

2 0 (15) 

d[total monomer B in the reactor] 
d[conversion] 

2 0 (16) 

The monomer added into the reactor may be as 
a free monomer or converted to  copolymer. Conse- 
quently, eqs. (15) and (16) can be written as  follows: 

where A, and B, are the amounts of monomers A 
and B per cm3 of water present in the reactor as a 
free monomers, and ipol, the amount of monomer i 
incorporated to the copolymer. At any conversion, 
Apol and Bpol are calculated as follows: 
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where YA(XT) is the cumulative composition in the 
copolymer a t  a conversion X T  given by 

If monomer droplets are not present in the re- 
actor, the free monomer (A, and B,) has to  be in the 
latex particles or in the aqueous phase: 

where V, and V,  are the volumes of the monomer 
swollen polymer particles and aqueous phase per cm3 
of water, respectively, given by 

I 6, k k w  

where W is the volume of water (1 cm3), and Vpo,, 
the volume of the polymer per cm3 of water: 

where p r  is the density of the copolymer. 

(iv) The maximum amount of monomer i that can 
be in the reactor at any conversion is the total 
amount of this monomer in the recipe, iT: 

T o  carry out the optimization, eq. (4) was ap- 
proximated by means of the Simpson rule using n 
subintervals: 

1 1 + '1 (27) + . . .  + 2 -  f4- 
Rpn--2 Rpn-1 Rpn 

and a standard nonlinear programming (NLP) sol- 
ver was used to  minimize the objective function F 
subjected to  the restrictions (9), (14), (17), (18), and 
(26) in all of the quadrature points. The concentra- 
tion of the monomer A in the polymer particles, [A],,, 
was chosen as the optimization variable. The opti- 

mization problem can be formulated to obtain the 
discrete values of [A],  a t  the quadrature points. 
However, in this work, [A],  was expressed as a poly- 
nomial and the polynomial coefficient,s determined. 
T o  carry out the optimization, the overall polymer- 
ization rate has to be calculated. Therefore, S(XT),  
which, in turn, depends on the time evolution of the 
initiator concentration, is required. This was solved 
by using the algorithm presented in Figure 1. 

To apply the algorithm, a mathematical model 
for the system is required. In the examples given 
below, the mathematical model summarized in the 
Appendix with the values of the parameters given 
in Table I was used. The optimization algorithm 
presented in Figure 1 provides the time-evolution 
concentrations of both monomers in polymer par- 
ticles and the aqueous phase as  well as that of the 
monomer amounts incorporated into the copolymer. 
This allows one to calculate the total amount of each 
monomer in the reactor a t  any time. Differentiation 
of these values gives the feed rate profile of each 
monomer. The evolution of the overall conversion 
is asymptotic to 1; therefore, the end of the process 

-& 
Calculate [Alp(Xr) 
using the NLP 
optimization algorithm 

Integrate eqs. (A-I), 
(A-2) and (A-3) using 
a fourth order 
Runge-Kutta method 

Figure 1 Optimization algorithm. 
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Table I Values of the Parameters Used in the Mathematical Model 

2.47 x 105 

5.0 X lo6 

34 

714 

142.2 
128.17 

1.026 
0.2 
0.4 

2.33 x 10-5 

1.0 x 10-~ 

1.41 x 101~ 
68 

6.433 X lo5 4.825 x 105 12.35 X lo5 

1.0 x 109 2.0 x 10" 

31.29 31.29 28.8 

2618 464 
1.0 x 10-~ 

114.8 
104 

1.065 
0.75 

6. X 

1570 

0.33 

was considered to be when the overall conversion 
was 0.98. 

POWER FEED METHOD 

The results obtained with the optimal monomer ad- 
dition policy were compared with those obtained 
with the power feed method. In the power feed 
method, the total monomer feed rate was chosen to 
be constant and the composition of the feed rate 
equal to the desired instantaneous composition of 
the copolymer. The monomer feed rates were cal- 
culated as follows: 

where tf is the feed time. The total process time in- 
cluded the feed time and the time that the polymer- 
ization proceeded in the batch after the feed period. 
This batch time is needed to achieve a high conversion. 

CASE STUDIES 

Let us consider the emulsion copolymerization of 
butyl acrylate ( A  ) and styrene ( B )  and assume that 
the instantaneous copolymer composition profiles 

referred to butyl acrylate which are presented in 
Figure 2 are desired. These profiles include a profile 
that goes through a maximum (profile 1 ) as well as 
continuously increasing (profile 2)  and decreasing 
(profile 3 ) copolymer composition profiles. Figure 3 
presents the concentrations of monomers A (butyl 
acrylate) and B (styrene) in the polymer particles 
and its ratio calculated by the optimization algo- 
rithm for profile 1 using the mathematical model 
detailed in the Appendix and the parameters given 
in Table I. I t  can be seen that the [ A  I,/ [ B I p  profile 
showed a maximum similar to that of the desired 
composition. Figure 4 presents the time evolution 
of the amounts A, and B, as free monomers and the 
amounts of these monomers incorporated in the co- 
polymer (Apol, Bpo,). The addition of these values 

0.8 

0.6 

0.4 

0.2 

0 
0 0.2 0.4 0.6 0.8 I 

XT 
Figure 2 Desired copolymer composition profiles. 
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Figure 3 Concentrations of the monomers in the poly- 
mer particles calculated by the optimization algorithm for 
profile 1: (a) profiles of [ A ] ,  and [B],; (b) [ A ] , / [ B ] ,  profile. 

gave the total amounts of butyl acrylate and styrene 
that should have been fed into the reactor at  a given 
time ( A R ,  B R )  to obtain a copolymer with compo- 
sition profile 1 in Figure 2. Differentiation of these 
profiles gave the monomer feed rates presented in 
Figure 5. It can be seen that all the monomer A had 
to be fed into the reactor during the first fifth part 
of the process. The moment in which all the mono- 
mer A was in the reactor corresponded closely to 
that in which the maximum of the copolymer com- 
position profile was reached. 

Figure 6 presents the evolution of the concentra- 
tions of the monomers in the polymer particles and 
its ratio calculated by the optimization algorithm 
for profile 2. It can be seen that the ( A  ) p /  ( B ) P  evo- 
lution is similar to profile 2. Figure 7 presents the 
feed rate profiles for the optimal process to obtain 
copolymer composition profile 2. Figures 8 and 9 
show the results corresponding to profile 3. It has 

h 
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Figure 4 
A and B for profile 1. 

Time evolution of the amounts of monomers 

6 ,  
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Feed rate profiles that give copolymer com- Figure 5 
position profiIe 1 in a minimum process time. 
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0.003 
f - 
0 
E 0.002 " 

0 

35 

0 0.2 0.4 0.6 0.8 1 
XT 

Figure 6 Monomer concentration in the polymer par- 
ticles calculated by the optimization algorithm for profile 
2: (a) profiles of [ A ] ,  and [B],; (b) [A] , / [B] ,  profile. 

to be pointed out that in this case the desired co- 
polymer composition profile could be obtained by 
including all the less reactive monomer in the initial 
charge with some amount of the more reactive 
monomer and feeding the rest of the more reactive 
monomer at  an adequate rate. However, by carrying 
out the polymerization in this way, monomer drop- 
lets will be present in the reactor at  the beginning 
of the process. 

It is interesting to compare the simulated instan- 
taneous copolymer composition profiles obtained by 
this approach with those obtained using the power 
feed method. Figure 10 presents this comparison for 
profile 1. It can be seen that while the desired co- 
polymer composition profile was obtained using the 
present approach significant deviations were found 
for the power feed method using a total process time 
( tpr )  equal to that of the optimal process. The de- 
viations were less pronounced but still noticeable 

I - 
o 50 100 150 200 250 300 

Tirne(min) 

Figure 7 
position profile 2 in a minimum process time. 

Feed rate profiles that give copolymer com- 
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0 0.2 0.4 0.6 0.8 1 
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Figure 8 Monomer concentration in the polymer par- 
ticles calculated by the optimization algorithm for profile 
3: (a) profiles of [ A ] ,  and [B],; (b) [A] , / [B] ,  profile. 
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3 
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0 
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Time(min) 

Feed rate profiles that give copolymer com- Figure 9 
position profile 3 in a minimum process time. 

when a process time double that of the optimal one 
was used in the power feed method. Figures 11 and 
12 show that for profiles 2 and 3 the optimal process 
provided always a better copolymer composition 
profile but the differences with the power feed 
method were less pronounced than for profile 1. 

It has to be pointed out that in the calculations 
carried out in this article i t  was assumed that both 
the kinetic model and the values of its parameters 
were available. However, this is not usually the case 
for a real emulsion copolymerization system. The 
implementation of the present approach to real sys- 
tems is presented in the second article of this series. 

CONCLUSIONS 

In the foregoing, a method for calculating the optimal 
monomer addition policy to produce emulsion co- 
polymers with a given copolymer profile has been 
presented. The method allows the calculation of the 
time evolution of the monomer feed rates that ensures 
the formation of the desired copolymer composition 
profile in a minimum process time. The approach 
was applied by simulation to obtain widely different 
copolymer composition profiles in the emulsion co- 
polymerization of butyl acrylate and styrene. In all 
cases, the desired instantaneous copolymer compo- 
sition was obtained. The results obtained with the 
present approach were compared with those obtained 
using the power feed method. It was found that, using 
the same process time, the optimal process provided 
always a better copolymer composition profile than 

did the power feed method. The composition drift 
depended on the desired copolymer composition pro- 
files. In addition, the deviations were less pronounced 
but still noticeable when the total process time for 
the power feed method was twice that of the optimal 
process. To  apply this method to a real system, the 
kinetic model and the values of the kinetic parameters 
have to be available. However, this is not usually the 
case for a real system. The implementation of the 
present approach to real systems is presented in the 
second article of this series. 

(a) 

0 
0 

t 
2 t , , , I , , , , , , , I , , # , # , ,  

0 

030 XT l.oo 
0.00 0.20 0.40 0.60 

0 

0.00 0.20 0.40 0.60 

Figure 10 Comparison between the instantaneous co- 
polymer composition obtained by means of the optimal 
process and the power feed method for profile 1: (-) 
desired copolymer composition; (0) optimal process; (0) 
power feed method with tpf r topt; (0)  power feed method 
with tpf N 2xtopt 
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2 t , , , l , , , , , , , l , , , , , , , l  
0 

0.00 0.20 0.40 0.60 0.80 1.00 
XT 

22 0 

0.00 0.20 0.10 0.60 0.80 1.W 
XT 

Figure 1 1  Comparison between the instantaneous co- 
polymer composition obtained by means of the optimal 
process and the power feed method for profile 2: (-) 
desired copolymer composition; (0) optimal process; (0) 
power feed method with tpi = tOpt; (0)  power feed method 
with tpf 1. 2nt0,,. 

NOMENCLATURE 

a 
A,, Bf 

parameter defined by eq. (A.5) 
amounts of monomers A and B present 

in the reactor as free monomers (mol/ 
cm3 of water) 

amounts of monomers A and B, respec- 
tively, incorporated into the copolymer 
(mol/cm3 of water) 

Apol, BPoI 

AR, BR total amounts of monomers A and B 
present in the reactor (free monomer 
+ polymer) at any time (mol/cm3 of 
water) 

total amounts of monomers A and B, re- 
spectively (mol/cm3 of water) 

parameter defined by eq. (A.7) 
diameter of the monomer swollen poly- 

average diffusion coefficient of oligomers 

AT, BT 

C 

4 
D w  

mer particles (cm) 

in the aqueous phase (cm2/s) 

o.80 XT. ' 000 0.20 0.40 0.60 

C 

0 

0.00 0.20 0.40 0.60 0.80 1.00 
XT 

Figure 12 C o m p a r i m  between the instantaneous co- 
polymer composition obtained by means of the optimal 
process and the power feed method for profile 3: (-) 
desired copolymer composition; (0) optimal process; (0) 
power feed method with tpf 2: tOpt; (0)  power feed method 
with tpf 2: 2xtOp,. 
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D,, Dw. diffusion coefficients of a monomeric 

Mwi 
n 

- 
n 
NP 
NA 
p: 

rA,  rB 

RP 

Rpi 

free-radical of type i in the polymer 
particles and in the aqueous phase, re- 
spectively (cm2/s) 

efficiency factor for initiator decompo- 
sition 

objective function [eq. (4)] 
efficiency factor for radical entry 
concentration of monomer i in the poly- 

amount of initiator (mol/cm3 of water) 
entry rate coefficient (cm3/moI s) 
overall desorption rate coefficient [ s-'; eq. 

desorption rate coefficient of radicals of 

chain transfer rate coefficient (cm3/mol 

initiator decomposition rate constant 

partition coefficient of monomer i be- 

propagation rate constant (cm3/mol s) 

average termination rate constant in 
the polymer particles [cm3/mol s; eq. 
(A.8)1 

average termination rate constant in 
the aqueous phase [cm3/mol s; eq. 
(A.14)1 

rate of exit of monomeric radicals of type 
i [s-'; eq. (A.12)] 

parameter defined by eq. (A.6) 
partition coefficient of a monomeric rad- 

ical of type i between polymer particles 
and aqueous phase 

mer particles (mol/cm3) 

(A.9)I 

type i [s-'; eq. (A.10)] 

S) 

(s-l) 

tween phases j and k 

molecular weight of monomer i (g/mol) 
no. subintervals in the Simpson rule [eq. 

average no. radicals per particle 
no. polymer particles per cm3 of water 
Avogadro's number 
time-average probability of finding a 

growing chain with ultimate unit of 
type i in the phase j 

(2711 

reactivity ratios 
overall polymerization rate (mol/s cm3 of 

water) 
polymerization rate of monomer i (mol/ 

s cm3 of water) 
concentration of free radicals in the 

aqueous phase (mol/cm3 of aqueous 
phase) 

solids content (g/cm3 of water) 

volume of the monomer swollen polymer 

volume of polymer (cm3/cm3 of water) 
volume of the aqueous phase (cm3/cm3 

volume of water (1 cm3) 
overall conversion 
instantaneous copolymer composition 
cumulative copolymer composition 
average copolymer composition a t  the 

particles (cm3/cm3 of water) 

of water) 

end of the process [eq. ( l ) ]  

Greek Symbols 

PL probability that a monomeric radical of type 
i reacts in the aqueous phase by either 
propagation or termination [eq. (A.11)] 

ratio [A],/[B], that ensures the production 
of the desired copolymer composition 
profile [eq. (9)] 

p(XT) 

d4 
P P  

V i  

"P 

volume fraction of monomer i in phase j 
density of the polymer (g/cm3) 
molar volume of monomer i (cm3/mol) 
volume of one monomer swollen polymer 

particle (cm3) 

APPENDIX 

The following mathematical model was used in the 
simulations: 

Material Balances 

- _  d12 - -k112 
d t  

where I2 is the amount of initiator per cm3 of water, 
and k I ,  the initiator decomposition rate constant, 
and the average number of radicals per particle, 12, 
was calculated by the approach proposed by Ugelstad 
and Hansen 18: 

12 = a'/%/( m + a 2 / 4 /  

[ m  + 1 + a 2 / 4 / ( m  + 2 + - - - ) I }  (A.4) 
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where 

where k, is the entry-rate coefficient; [ R],, the con- 
centration of free radicals in the aqueous phase; k d ,  

the overall desorption rate coefficient; u p ,  the volume 
of one monomer swollen polymer particle; NA, the 
Avogadro's number; and kt ,  the average termination 
rate constant given by 

kt = k,,, ( P I )  + 2kt,,PzPg + ktsB( P i )  (A.8)  

The overall desorption rate coefficient is given by 

The rate coefficient for desorption of radicals of 
type i can be calculated as follows 19-21: 

where kfl ,  are the chain-transfer rate coefficients; 
KO,, the rate of exit of monomeric radicals of type 
i; and 0, , the probability that a monomeric radical 
of type i reacts in the aqueous phase by either prop- 
agation or termination given by 

(A . l l )  

Assuming a diffusion mechanism and no addi- 
tional resistance in the interface, KOi is given by the 
following equation 1 4 :  

where D,; and Dpi are the diffusion coefficients of a 
monomeric radical of type i in the aqueous phase 
and the polymer particle, respectively; dp,  the di- 
ameter of the monomer swollen polymer particle; 
and mdi, the partition coefficient of such a radical 
between the polymer particles and the aqueous phase 
approximately given by k h W .  Assuming that radical 
entry occurs through diffusion, the entry rate con- 
stant is given by 

where Dw is the average diffusion coefficient of 
oligomers in the aqueous phase, and Fabs, the effi- 
ciency factor for radical entry. 

Radical Balance in the Aqueous Phase 

(A.13) 

where f is the efficiency factor for initiator decom- 
position, and it,,. , the average termination rate con- 
stant in the aqueous phase given by 

P y  is the probability of finding a free radical with 
ultimate unit for type i in the aqueous phase. 
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